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Abstract 

We consider the equation (— A) s u + u = u p , with s £ (0, 1) in the subcritical 
range of p. We prove that if s is sufficiently close to 1 the equation possesses a 
unique minimizer, which is nondegenerate. 

1 Introduction 

The purpose of this paper is to provide some nondegeneracy and uniqueness result 
for solutions of an equation driven by a nonlocal operator. In striking contrast with 
the local case, extremely little is known about these topics in the nonlocal framework 
and a satisfactory analysis of the problem is still largely missing, in spite of some 
striking recent contributions in specific cases. 

Our approach is to obtain some nondegeneracy and uniqueness results by com- 
pactness and bifurcation arguments from the local case, that is when the fractional 
parameter involved is sufficiently close to being an integer. 

Let us introduce the setting in which the problem is posed. Let N ^ 2 be the 
dimension of the ambient space M N and let s € (0, 1] be our fractional parameter. 
We consider the fractional exponent 
2N 

if iV ^ 3, or N = 2 and s G (0, 1), 



2* ■= { N -2s 

+oo if N = 2 and s = 1. 
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We recall that this exponent plays the role of the classical critical Sobolev exponent 
for the fractional Sobolev spaces (see, e.g., [8] for a gentle introduction to the topic, 
and notice that 2* is increasing in s and coincides with the classical Sobolev exponent 
for s = 1). We consider here the fractional Sobolev space 

H S (R N ) := {u € L 2 (M N ) : f \£\ 2s \u\ 2 d£ < oo j, 
L Jr n > 

with norm 

\H?s-= [ (1 + \C\ 2S )\U\ 2 ^=\\U\\ 2 )+ [ \H\ 2S \u\ 2 d£, 
JR N y ' JR N 

where, as usual, u is the Fourier transform of the function u, namely 

u(Q '■= — — w I e~^' x u(x)dx. 
(2vr)- JR N 

We also denote by H° ad (R N ) the space of the radially symmetric functions of 
H S (R ). We recall that 2* provides a compactness threshold for such radial func- 
tions, since L 9 (R ) is compactly embedded in H^ ad (R N ) for every q € (1,2*) (see 
Proposition 1.1 in [17j). 

In this functional framework, we are concerned with the uniqueness and nonde- 
generacy properties of the positive functions solving the fractional elliptic semilinear 
problem 

(1.1) (-A) s u + u = u p inR N . 

Here we take p £ (1,2* — 1) (i.e., the exponent p + 1 is subcritical with respect 
to the above mentioned embeddings). Problems of this type has received a great 
attention recently, both by themselves and in connection with solitary solutions 
of nonlinear dispersive wave equations (such as the Benjamin-Ono equation, the 
Benjamin-Bona-Mahony equation and the fractional Schrodinger equation, see e.g. 

0H[I31[H1[I91[28]). 

In this framework, the classical, local Hamiltonian operator is replaced by a 
fractional, nonlocal one, and the classical diffusion induced by Brownian motions is 
replaced by a non-local diffusion driven by 2s-stable Levy processes. 

These type of fractional operators are now becoming also very popular in real- 
world models (for instance in financial mathematics, nonlocal stochastic control, 
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nonlocal electrostatics, denoising and image processing, oceanography, dislocation 
dynamics in crystals, etc.), see for instance [8] and references therein. 

Since the fractional Laplacian of (p € C^°(M> N ) may be defined via Fourier trans- 
form as 



(1.2) (-A)MO : = Kl 2s £(£) fOT £ e ^ 

we may apply Plancherel's formula and adopt a weak (or distributional) notion of 
solution u € ff s (R Ar ) for problem (jl.ip via the identity 

J /" |£| 2s (u^ + u£)d£ = / |£| 2s upd£ = / (<u p - u)<^dx 

for any </? € H S (M. N ). This notion of solution may be reduced to the one in the 
viscosity sense (see |22tl25|) and therefore the fractional Laplace regularity theory 
applies (see [27]). It is known that problem (jl.l|) admits a positive radial solution 
(see [9|[12]). Such solution is called a ground state, since it is obtained (up to scaling) 
by a constrained minimization problem of the functional 

J,(u,v) := -\\uf s V — [ \u\ p+1 dx, 

2 p + 1 J R N 

namely it attains the following greatest lower bound: 

IMI 2 

(1.3) v s := inf s n/ , , = inf llitll 



l n | P+1 ^| II«IIi,J>+1(kJV)=1 

We observe that if u s is such that H^ll^p+i^jv) = 1 and v s = \\u\\g, than it is a 
solution of 



(1.4) (-A) s n s + u s = u s u 



and so it solves (jl.ip (up to scaling). Also its derivatives diU s are solution of the 
linearized equation 

(1.5) (-A) s (diU s ) + diu s = pv s u p ~ x diu s 
and therefore 

(1.6) diU s belongs to the kernel of the operator J'J(u s , v s ). 
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The first result of this paper is nondegeneracy, namely that these derivative and 
their linear combinations exhaust Ker(J' s '(u s , u s )) at least wherjs is sufficiently close 
to 1. 

Theorem 1.1 There exists sq £ (0, 1) such that for every s £ (so, 1) if u s is a 
minimizer for v s then 

Ker(J"(u s , v s )) = span{diU s , i = l,..., N}. 

Our next result is a uniqueness property. 

Theorem 1.2 There exists sq £ (0, 1) such that for every s £ (so, 1), the minimizer 
for v s is unique, up to translations. 

In the local case s = 1, the results in Theorems 11.11 and 11.21 were obtained in 
[I6 1 I20 1 I2T] but the specific arguments used there seem not applicable to the nonlocal 
case s £ (0, 1). As far as we know, the only results available in the nonlocal case are 
the ones obtained in [2] for N = 1, s = 1/2 and p = 2, and recently extended in [13] 
for N = 1 and all s G (0,1). 

Of course it would be desirable to obtain explicit bounds on the threshold so 
in Theorems 11.11 and 11.21 and to establish whether or not such results hold for 
any s £ (0,1), but the current state of the art in the nonlocal equations seems 
not to allow a finer analysis than ours (the existence of a threshold which requires 
further investigation is actually quite common in fractional problems, see e.g. [7]). 

For other recent variational problems related to the fractional Laplacian see, for 
instance, [TTJ[23l[2lJ[26] and references therein. The rest of the paper is organized 
as follows. In Section [5] we collect some preliminary material, likely well-known 
to the expert readers, concerning some uniform estimates on the minimizers, some 
related asymptotics and a (up to now classical) local realization of the fractional 
Laplacian. Then, in Section [3l we prove the nondegeneracy result of Theorem 11.11 
The uniqueness result of Theorem 11.21 is proved in Sections 0] and by combining 
a series of arguments related to the construction of a branch of pseudo-minimizers 
U\ + cj s , with s varies near 1, which are uniquely determined by their perturbation 

Of course, since we are interested here in the case s close to 1 with a fixed exponent p, we 
fix S £ (0, 1) and p € 2% — 1, and all the arguments we present assume implicitly that s € [S, 1]. 
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cj a . Uniqueness is then deduced by showing that radially symmetric minimizers 
belongs to such a branch. 



2 Preliminaries 

2.1 Uniform estimates and asymptotics 

By Lion's concentration compactness, minimizers for v s always exists (see, e.g. [5jll2| 
for details) and do not change sign. In this paper, we will consider only positive 
minimizers. They are radially symmetric by [12] (and, as usual, we take the center 
of symmetry to be the origin ofR^). The minimizers attain the minimal value 
of the functional in (j 1 . 3 j) and they are normalized to have norm 1 in L P {R. N ). Also, 
thanks to Theorem 1.2 in [12], we have the decay estimate 

u s < C|x|-^+ 2 ') in R N . 

We call M s the the space of these positive, radially symmetric even minimizers u s 
for v s normalized so that ||m s ||£p+i( R jv\ = 1. Therefore if u s € M. s then 



(2.1) \Ws\\l^{^) = 

for some € M> N . Now we state a uniform bound on v s : 

Lemma 2.1 We have that sup v s < +oo. 

se(o,i] 

Proof. Let u\ G Mi- Notice that |£| 2s < 1 + |£| 2 and therefore 

||m|| s < 2||-ui|| L 2 (R iV) + / \£\ 2 \u\ 2 d£ < 2||ni||i = 2v\. 

Since v s ^ ||^i||s, the desired result follows. □ 
The following result provides uniform bounds on the minimizers. 

Lemma 2.2 Given sq € (0,1), we have 

(2.2) < 7 So := sup sup ||« s ||x,cx=( R jv) < oo. 
Also, given s% > 1/2 and (3 G (0, 1), 

(2.3) sup sup ||u s ||c?i,ySfiRiV) < oo. 

se(s 1 ,i)u s eM s 



5 



Proof. The first inequality in (|2.2p is obvious since 



7s ^ SU P \\ u i\\l°°(r n ) > 0. 



Now we prove the second inequality in (|2.2p . For this, we define 
(2.4) A s := \\u s \\ L o 



and we argue by contradiction: we suppose that A s — > oo for a sequence s — > <r G 
[sq, 1]. We set 



so that 



K||£°°(R») = 1 = u s(°)> 

-i I 2JV 2 

i(0 = A a ^V^o^Af" 2 ^) 



and, by Lemma 12.11 



\^ s \v s \ 2 ^= [ \a\ 2s \u s \ 2 dt 



^ V* < Const. 



Therefore v s — 1 v in H (WL ) for every t < a and 

v s -> v in L z 2 oc 
Also, from (fL~4"j) . 

4s iV-|-2s 

(2.5) (-A) s ^(x) = -Xf^vsix) + Af ra ^<(x). 

Now we recall Proposition 2.1.9 in [27], according to which we have that there is a 
constant C(s,N,a) such that 

(2.6) Kllc Q . a (R*) < C(s,N,a) (||(-A) s v s || L o ( R jv ) + ||i°°(K^)) , 

where one can fix a < 2a for 2a < 1 and a < 2a — 1 for 2ct > 1 and the constant 
C(s, iV, a) is bounded uniformly in s G [so, 1]. From Lemma \2~T\ (|2.5p and (|2.6p . we 
see that ||Vs||c f( WR !V ') * s bounded uniformly when s — > a. Accordingly, by the Ascoli 
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theorem, we may suppose that v s converges locally uniformly to v and passing to 
the limit in (12. 5h . we have that v = 0. In particular 



= lim |u s (0)| = lim A^UsOn)! = 

s— >a s— ><j 



due to (|2.ip and (|2.4p . This is a contradiction and so (|2.2p is proved. 

To prove (|2.3j) we use once again Proposition 2.1.9 in [27], see also [5], according 
to which, for any s £ (si, 1], 

IMb 1 '* 3 ^) ^ C(s,N,a) ^||(-A) s m s || L oo( IR jv) + ||«s||l°°(ir^)) , 

where C(s,N, a) is uniformly bounded on [s\, 1]. Then, the latter inequality implies 
(|23D . thanks to COD, $L2§ and Lemma ED □ 

Corollary 2.3 Given sq G (0,1), we have 

sup sup ||n s ||2s < oo. 

se(s ,l) U s £Ms 

Proof. Let sq S (0, 1), u s G M. s and f s {x) := v s u p s {x) — u s (x). Notice that 

\u s \ 2p dx ^ ||« s ||^,7m^ / \u s \ 2 dx ^ Ci, 

with C\ > independent of s and u s , thanks to (|2.2p . Lemma [2~T1 and the fact that 
p > 1, Moreover, 



with C2 > independent of s and n s , thanks to Lemma [2TTI As a consequence, and 
using Lemma l2.1l once more, we obtain that 

II/s( x )IIl 2 (R jv ) ^ \ v a\ lkslli 2 (M N l + II w s||l2( R jv) ^ C3, 



with C3 > independent of s and ti s . Also, from (jl.4p . (— A) s u s = / s , that is, 
recalling f)1.2[) . 

iei 2s ^ = I, 

and so 

2 . IL. I|2 , / lc|4si^ \2 i C ^ I \7 \2 



[ iei 



— + ll/slli2( R JV) < C2 + C3, 

and the desired result plainly follows. □ 
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Next result is a general approximation argument on the fractional Laplacian: 
Lemma 2.4 Let s, a S (0, 1] and 

(2.7) 5>2\a-s\. 
Then, for any tp G H 2 ^ +S \R N ), 

\\(-Afip - (-A)V||i2 (MN) < C &tS \a - s\ \\<p\\ 2 (r+s), 
for a suitable > 0. 

Proof. We start with some elementary inequalities. First of all, if r € [0, 1) then 
(1 + T 2^+5) T 2|<?- S | ^2-1. On the other hand, if t > 1 then (1 + T ^+6j T 2\*-s\ ^ 

(2 • t 2&+5 )t 5 , thanks to ([277)1 . All in all, we obtain that, for any r ^ 0, 

(2.8) (1 + r 2<x+<5) r 2|<x- s | ^ 2(1 + r^-W)). 

Moreover, for any tGl, 

+ 0O . , fc +oo , |fc 

(2-9) l«'->l<E|<EA)T = l<| e » 

fc=l ' k=l v ; ' 

Furthermore, the map (0, 1)3T4 r 2<f log r is minimized at r = e 1//2cr and there- 
fore 

(2.10) |r 25 logr| sC {2ae)~ l for any r € (0,1). 
Similarly, the map [l,oo) 3ri-> T _<5 logr is maximized at r = e 1//<5 and so 

(2.11) |r" 5 logr| < (de)- 1 for any r G [l,oo). 
By combining (|2.10p and (|2.1ip . we obtain that, for any r > 0, 

(2.12) |T 2s logTKC^(l + T 25+5 ) 
where 

(2.13) C»s := (2ae)- 1 + (5e)- 1 . 



Thus, using QZJfy, §2J$ and (I2TT2D . we obtain that, for any ££R N \ {0}, 

|i£|2s _ |^|2ct| _ |^|2ct-i^2(s-ct) _ 1| = |^ 25 "| \ e 2 ( s ~^ lo § ISI — 1| 

(2.14) ^ |e| 2? |2(a-s)log|e||e 2 l s - s ll log l $ IH = |£| 2 " 2|a - s| | log |£| 1 1 \^- s \ 
< 2C7 M |a - s|(l + |£| 25+(5 ) |£| 2 ^ < 4C M |a - s|(l + |£| 2 ^)). 

As a consequence 

/ I[(-a)>-(-a)^]| 2 = f |jei 2s -iei 2 i 2 i^i 2 

Jr n Jr n 

^ Const Cl s (a-s) 2 [ (1 + |£| 4 ^)|£j 2 < Const C M |MlL +5) , 

as desired. □ 
Corollary 2.5 Fix <r € (0, 1]. Then lim z/ s = v a . 

Proof. Let sq G (0, 1). Let s, s' E (so, 1], that will be taken one close to the other, 
namely such that 

(2.15) s>2\s-s'\. 

Let u s G A4 S . Since ||w s || iP +i( R jv) = 1, we obtain that v a > ^ ||^s|| 2 /- Hence, recalling 
(|2.13p and (|2.14p (used here with o := s' and S := s, and notice that (|2.7p is 
warranted by (|2.15p ). we conclude that 

*V ~ v s < |K|| 2 , - ||u s || 2 

= / f \t? S ' - \t? S ) \us? < Const |s' - s| / (l + |e| 4s ) |^| 2 
Jrn \ J J r n \ J 

= Const \s' — s\ 1 1 ii s 1 1 2s 

The constants here above only depend on the fixed so, but not on s and s' . Since 
the roles of s and s' may be interchanged, and recalling Corollary 12.3} we obtain 
that 

Ws' ~ u s\ ^ Const |s' — s\ 
and the desired result plainly follows. □ 
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From now on, we will use the uniqueness and nondegeneracy results for the local 
case. Namely, we recall that there exists a unique radial minimizer U\{x) = U\{\x\) 
for v\, such that 

(2.16) Ker(J?(U 1 ,u 1 ))=sp<m{d j U 1 ,j = l,...,N}, 

see, e.g. 



Lemma 2.6 Fix a € (0, 1]. Let s n £ (0, 1) be such that s n — > a. Let u Sn € M. Sn - 
Then there exist u G M.„ and a subsequence (still denoted by s n ) such that if 

(2.17) u} Sn {x) := u Sn {x) - u, 
we have that 

\\u Sn hs n -> as n -)• oo. 

Moreover, if a = 1 t/ien 

lb —> as n — > oo. 

Proof. To alleviate the notation, we write s instead of s n . From Corollary 12.31 we 
have that u s is bounded in ^(M^) for every t < a. Therefore, by compactness (see 
Proposition 1.1 in |TT] ) , we obtain that there exists u such that 

(2.18) u s -> u in L q (R N ) for every g G (1, 2%). 



In particular, ||wct||lp+i(rjv) = 1 and u is radially symmetric. What is more, by 
Fatou lemma, it follows that u £ H a (M. ) because J RJV |^| 2s |^| 2 ^C ^ ^ Conts.. 
Also, by (OP . 

(2.19) / u s (-A)V+ / u s v = v s ( u p s ip VipeC™(R N ). 
Using Lemma 12.41 

/ [(-A)V- (-A) s <^]| 2 Const (a - s) 2 [ (1 + |£| 4 )|£| 2 d£ s$ Const||y>|||. 
Jr n Jr n 

Hence we can pass to the limit in (|2.19p and conclude that u is a distributional 
solution to the equation 

(2.20) (-Afu + u = v„vP 
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that belongs to H a 

So, by testing the equation against u itself, we see that = ^o-IMI^+i 



hence u is a minimizer for 
Furthermore, by flU]), (12171) and (pT20D . 

(221) (-A) s oj s + oj s = u a [(u + u a y -vP] 

+ [{-Afu-(-A) s u} + {u s -^)u p . 

Also, from the fundamental theorem of calculus 

(u + 0J S ) P - u p 



so that using (i2~T7)l and §T2§ 

^ \(U + UJ S ) P - U P \ ^ p|Wa|(||u s ||ioo(B.Ar) + 2||u|| i0 o (R iv ) ) p ~ 1 

^ Const |w s |. 

Next we observe that, since u, u s G C 2 (M. N ), (|2.2ip holds pointwise and thus, by 
(f2722]) . we obtain 

(2>23) W(-^s\\l HRN) 

< Hwsll^flRjv) + Const (|<T - s| 2 + \v & - v s \ 2 + ||w s ||| 2 mjv0 -> 



as s — > <r. This and (|2.18p imply that ||w s ||2 S — > as s /* a, as desired. 

Next we consider the case a = 1. By (|1 .5|) and (|2.2[) we have that for every s 
close to 1 

||<9jU s ||2s ^ Const. 
From this, tfZTXty and (|2Tf7|) . we deduce that 

||9j-a; s ||2s ^ Const. 

In particular ||w s ||2s+i is uniformly bounded. We let f s be the right hand side of 
flXgTJ so that 

(-A) s w s + w s = / s 
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and so 

-Au s + u s = f s + [-Au s - {-A) s uj s }. 
Using Lemma |2~4"1 we conclude that, for every 5 £ (0, 1/4), 

/ [-Au) s - {-A) s uj s } 2 < CV<s(l - s)||w s ||2 +< 5 < ||^a||2s+l < (1 - s)Const, 

provided s is close to 1. Also, by recalling (|2.23p and (|2.18p . we obtain that 
H/sll^pgiv-) -> as s / 1, and therefore \\oJ a \\2 — > 0. □ 



2.2 Local realization of (— A) s for s G (0, 1) 



Following [6], we recall here an extension property that provides a local realization 
of the fractional Laplacian by means of a divergence operator in a higher dimension 
halfspace. Namely, given u E H S (M. N ), there exists a unique H(u) 6 H 
such that 



(2.24) 



div(t 1-2 *V?{(u)) = in 

= u in R^, 
lim^o t 1 - 2 ^^ := t 1 - 28 ^^)* = k s (-A) s w on 



where Kg IS cl positive normalization constant. Equivalently for every ^S> G H 



inn>iV+i. t i-2 



(2.25) f VH(u)-V$>t 1 - 2s dtdx = k s [ \^\ 2s u^dC, 

jR r l +1 JRN 

where here and hereafter we denote the trace of a function with the same letter. 
From now on, "H will denote the s-harmonic operator. Moreover, the trace property 
holds, i.e. for any $ G F X (R^ +1 ; i 1_2s ), the trace $ on R N belongs to H S (M. N ). As 
?i(tr($>)) := %(<!>) has minimal Dirichlet energy, it follows that 

\V$\H l - 2s dtdx> ! \VU{§)\ 2 t l - 2s dtdx = k s f \£\ 2s \$\ 2 d£. 



p iV+l 
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Hence H(u s ) is radially symmetric with respect to the x variable and it is a minimizer 
for 

k' 1 I „ \VU\ 2 t 1 - 2s dtdx+ I \U\ 2 dx 

' N+l 1 ii 



(2.26) u a = inf — 

tf6ffi«+V-a.) ff , TT]p+1 ^ 2/(p+1) 



/ \U\ p+1 dx) 
\Jr n J 



and, by 

'div(t 1_:ta V?{(« a )) = in 
KjH l - 2s, H{u)t + H(u) = v s U{u) p on R^. 



(2.27) 



In this setting, we define 

J a {U,u):=- ! \VU\ 2 t 1 - 2s dtdx + ^ [ U 2 dx-^^[ \Ufdx. 
2 JrI+i 2 J R N p+1 J R N 

3 Nondegenracy 

3.1 Preliminary observations 

In this section, we assume that u s € M s and we prove that it is nondegenerate for 
s sufficiently close to 1. For this, we denote by _L S the orthogonality relation in 
H S (R N ) and we start by estimating the second variation of the functional. 

Lemma 3.1 For every ip _L S u s we have that 

(3.1) < J"{u s ,u s ) [<p,(p] = \\(p\\ 2 s -pu s \ u v ~ x ip 2 dx. 

J$t N 

Proof. Let e > 0. Since <p _L S u s , we have 

(3.2) \\eip + u s \\ 2 = e 2 \\ip\\ 2 + \\u "- 



s Ms- 



Also, by a Taylor expansion we obtain 

Jr n 



(3.3) 



\u s r l + e( P + l) I u^+ £MP n +1) I ul~V + 0{e A ). 
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Furthermore, by testing (jl.4p against <p and using again that tp _L S u s , we conclude 
that 

v? s ip = 0, 



hence the first order in e in ()3.3[) vanishes. Consequently, recalling also that functions 
in A4 S are normalized with ||ii||zp+i(RiV) = 1, we write (|3.3p as 

(3-4) / \e^ + u s \^ = l + £ ^±^ [ U v-W + 0(e 3 ). 

Jr n z Jr n 

Now we recall the Taylor expansion 

(3.5) l—— = l ' 2 — x + 0(x 2 ) 

for small x. Thus, by inserting (|3.4p into (|3.5p . we obtain 

1 



\e<p + u s \ p+1 



V(p- 



- = l-e 2 p[ «rv 2 + o( £ 3 ). 



From this and (|3.2p we obtain 

\\e<p + u s \\ 2 



2/(p+l) 



l-e 2 P [ urV + 0^))(e 2 yf s + \\u s \\ 2 ) 

u s f s + e 2 (yf s -p\\ Us \\ 2 s [ «rV 2 )+o(e 3 ). 

v Jr n ' 



Then the desired result follows since u s attains the minimal value v s = ^u s \\ s . □ 

Lemma 3.2 Let $ G H 1 (R^ +1 ;t 1 - 2s ) be such that 

(3.6) Kj 1 [ V$-Vn(u s )t 1 - 2s dtdx+ [ $H(u s )dx = 0. 

Jr n+1 Jrn 

Then 
(3.7) 

J' 8 \U{u a ))[$,$\ = n- 1 [ \V$\ 2 t 1 - 2s dz+ [ § 2 dx-pv s [ u^&dx^O. 

Jr^_ +1 Jr n Jr n 
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In particular for any g G -ff 1 (M^ + ; t 1 2s r 1 ) 

A 1 (g,g) := f ' gft^V^dtdr + I ^ g 2 r t x - 2s r N ~ x dtdr 



(3.8) +(N-1) g 2 t l - 2s r N - z dtdr + n s g 2 r N - 1 dr 

Jr 2 ++ 

-pv s K s / u p ~ 1 g 2 r N - 1 dr ^ 0. 



Proof. The proof of (|3.7p is similar to the proof of Lemma |3.1( since Tl{u s ) min- 
imizes ([236]) . Next, let g G H 1 (R+ + ; i 1-28 ^ -1 ) and define $(z) := |x|)£r. 
Since 7i(u s ) is radial in the x variable, <& satisfies ()3.6[) by odd symmetry. Then 
(|3.6p . (j3.7j) and the use of polar coordinates yield (|3.8p . □ 



Lemma 3.3 Lei w G KerJ' s '(u s , v s ). Then 

N 

w = w (\x\) + s ^ j c 1 d i u,. 

i=Q 



where 



w o( r ) = / w(r9)da(9) 



and c 1 G R. 

Proof. Let ui € Ker(Jg{u s ,v s y) which means 



{-A) s w + w -pu s u p - l w = - TOAr 



m 



Let %{w) G i 1 2s ) be the s-harmonic extension of w which satisfies 

(3.9) 

k- 1 [ VU{w) ■V^t 1 ~ 2s dtdx+ [ H(w)Vdx-pv s I ul^Utw)-® dx = 0, 
Jr^ +1 Jm Jr n 

for all \& G ff 1 (IR^ r+1 ; t 1_2s ). Now we consider the spherical harmonics on R^ for 
N ^ 2, i.e. the solution of the classical eigenvalue problem 



-A s n-iY£ = AfeY^ on 5 



iV-l 
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We let rik be the multiplicity of Afc. It is known that uq = 1 and n\ = N (see 
e.g. formulae (3.1.11) and (3.1.12) in [H]). In addition A = 0, Ai = N - 1 and 
Xk > N — 1 for k ^ 2. Also lo is constant, while 

W = — for i = l,...,N. 

\x\ 

With this setting, we decompose T-L(w) in the spherical harmonics and we obtain 

(3.10) <H(w)(t,x) = Y,Y,fi( t >\ x V Y i 

fceN i=l 

where G i? 1 ^; t 1 " 2 ^^" 1 ). By testing {32]) against the function ^ = /i(t, |a:])l^ 
and using polar coordinates, we obtain that, for any h € H 1 (M/^_;t 1 ~ 2s r N ~ 1 ), any 
k G N and any i £ [1, nk], 

AkUth) := f (f l k )th t t 1 - 2s r N - 1 dtdr+ [ (f^hrt^V^dtdr 
JR 2 ++ JM. 2 ++ 

+A fc f f?ht x - 2s r N -*dtdr + K s [ tfhr^dr 
Jr2 + Jr + 

- P u s k s [ v%- 1 fi°hr N - 1 dr = 0. 
Jr+ 

Now we observe that 

A k {ftf!) = A x Ulft) + ( X k ~ (N- 1)) ! [ Uift^r^dtdr. 

Jr\ + Js n ~ 1 

By Lemma [3.21 and the fact that A& > N — 1 for k ^ 2, we obtain from the identities 
above that 

= A k Ut,fh=Mfi,fi) + ^k-{.N-l)) [ I Utft l - 2s r N ^dtdr 
> (X k - (N - 1)) f [ (f^-V^dtdr > 0. 

As a consequence, ff = for every k ^ 2. Accordingly, (|3.10p becomes 

iv 

?£(«;)(*, x)=X)/i(^W)>fc 
i=i 
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To complete the proof we need to characterize //. For this, we notice that, for 
i = 1, . . . , N, the function 

fi(t,r)= [ n(w)(t,re)e i da(9) 

satisfies fl(t,Q) = and 

AxUlh) = I (fl) t h t t 1 - 2s r N - 1 dtdr+ f (fDrhrt^r^dtdr 

+(N-1) I flht 1 - 2s r N ~ z dtdr + k s [ f\hr N - x dr 



(3.11) 



-pv s K s [ ^flkr^dr = 0, 

JR++ 



for every h G if 1 ^; t 1 ' 23 ^' 1 ), due to <K9\i . 

Now we define U(t, \x\) = 7i(u s )(t,x). Then we have 



div^^V^Vf/) = in 



lim^o -t 1 - 2 ^^- 1 ^ + K s r iy - L U = K s r N - L U p on 



iV-lj 



JV-lj 



\im r \ i or ]S ~ 1 U r (t,0) = 0. 

We set V := U r and we differentiating the above equation with respect to r. We 
obtain 



div(t 1-2 *r jV - 1 VV) + (N- l)^' 23 r N ~' A V = in 



l-2s„AT-3i 



(3.12) I lim t \o -t 1 ~ 2a r N - 1 V t + n s r N ~ l V = K s pr N ~ 1 UP- 1 V on 



lim r \ HO r N - 1 V{t,0) = 0. 

Since U r does not change sign, we may assume that V < on 
Given g € C C °°QR++ U {t = 0}), we define 

^:=| : Gi2- 1 (»+ + ;* 1 ~ 2s r JV - 1 ). 
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Simple computations show that 

|v#| 2 = \vvip\ 2 + w • v(y^ 2 ). 

Hence we have 

/ \Vg\H l - 2s r N - x dtdr 
Jr 2 + 

= f \VV^\H l - 2s r N - l dtdr + ! V(V^ 2 ) ■ (t l - 2s r N - l VV)dtdr. 

Integrating by parts, by using the above identities and (|3.12p . we get 
/ iVglH^V^dtdr + iN-l) ! a gh^V^dtdr + k s ! g 2 r N - l dr 

-k sP [ u p - 1 g 2 r N - 1 dr= [ \VV^\ 2 t l - 2s r N - l dtdr. 
Jr+ Jr\ + 

In particular, by density and recalling (13.111) . we have that, for every i = 1, . . . , N, 
A 1 (fl,fl) = 0> f \VV{flV- x )\ 2 t^ 2s r N ^dtdr. 

JR 2 ++ 

This implies that the last term vanishes and therefore 

f- 



v=* 



for some constant c % £ M. We then conclude that //(O, \x\) = c % U' s {\x\) for all x £ M, N . 

Thus, we have proved that for any w £ Ker(J' s '(u s , v s )) 

N i 1 

H(w)(0,x) = w(x) = /?((), \x\) + £ //(O, |x|)^ = /°(0, |x|) + ^y^x), 

i=l ' ' i=0 

as desired. □ 
Now we are ready to prove our nondegeneracy result for s close to 1. 
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3.2 Completion of the proof of Theorem 11.11 

Let v s £ Ker(J" (u s ,v s )) be a radial function. 



Claim: If s is close to 1, we have v s = 0. 

Assume by contradiction that there exists a sequence s n - still denoted by s - 
with s 1 and such that v s ^ 0. Up to normalization, we can assume that 
||w s ||x,p+i(]rjv) = 1. By Corollary 12.51 we know that v s — > v\ and u s — > U\{- — a) in 
L p+1 , for some a £ R N . Since u s is symmetric with respect to the origin, a = 0. By 
Holder inequality 

(3.13) / \^\ 2s \v s \ 2 d^ ^ \\v s \\ 2 s ^ pv s \\u s \\ P L ~l 1 \\v s \\ 2 LP+1(RN) =pv s ^ Const., 

by Lemma 12.11 Since v s is a radial sequence and bounded in ^(M^) for every 
t £ (0,1), by compactness (see [T7\) v s v in L q (R N ) for every q £ [2, 2J ) . It 
follows that 1 1 ^ 1 1 1 (rjv ) = 1- Next we observe that v s is a solution of the linearized 
equation and therefore for any <p £ C^°(JH N ) 

/ v s (-A) s ip+ / v s ip-pv s I u p ~ 1 v s Lp = Q 
Jr n Jm n Jr n 

so by (H2]) and the fact that (-A) s (p ->• -Acp in L 2 (R N ) thanks to Lemma E2fl we 
infer that 

/ v(—A)ip+ / vtp — pv\ \ Uf~ v(p = 0. 

JR N JR N ' JR N 

Applying Fatou lemma to (|3.13p . we get v £ // 1 (M iV ). We then conclude that v 
is radial, nontrivial and belongs to Ker{ J"(U\, v\)). This is clearly a contradiction 
and the claim is proved. □ 



4 Uniqueness (preliminary observations) 
4.1 Preliminary observations 

Now we prove Theorem [L2j The first part of the proof of the following result is quite 
standard but the last part requires a more delicate analysis on radial functions. 

Lemma 4.1 Let A s := (Ker(J' s '(u s ,v s )) ®Ru s ) ±s . 
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1. We have 



(4.1) J' s '(u s ,u s )[u s ,u s ] = (l-p)\\u s 

2. There exists so G 
for u s 

(4.2) 

3. Let 

A r s :={ lf eH^ ad (M^), ( p± s u s } 

and 

K r (s,u s ):= inf J l^f§hA . 

Then there exits sq G (0, 1) such that 

(4.3) inf inf K r (s,u) > 0. 

se(so,i] ueMs 

Proof. The statement in (|4.ip is immediate from (|3.ip . 
Now we prove (|4.2p . We first show that for any G A s 

(4.4) J , J(u a ,u a )[<p,tp] = 0=^<p = 0. 

That is to say that J'J(u s ,u s ) defines a scalar product on A s by Lemma 13.11 For 
this, assume that ip G A s and 

J"(u a ,u 8 )[tp,(p] = 0. 
Pick V G H S (R N ) such that ^ -U u s - By Lemma O 

J"(u s , v s )[ip + £ip,ip + etp] ^ 0. 

Hence 

< J"(u 8 ,v a )[<p,<p] +2eJ'J(u s ,i> s )[<p,il}] + e 2 J' s '(u s ,v s )[ip,ip] 
= 2eJ^{u s ,u s )[<p^\ +e 2 J'J(u s ,v s )[ilj,il>}. 
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(0, 1) such that for every s G (sq, 1) and every minimizer u s 



K(s,u s ):= mf / L > 0. 

veA s \{0} \\f\\i 



Then we conclude that 

(4.5) J"(u s ,v s )[(p,i/j] = for any V -U u s . 

Now we observe that, since ip _L S u s , we deduce from (|1.4p that 

= (p,u s ) s =u s u p s ip 
Jm. n 

and so 

J"(u s ,v s )[(p,u s ] = ((p,u a ) -pv s / u p s ip = 0. 



This and f|4.5j) yield that 95 E Ker(J'J(u s ,u s )). Since also 95 _L S Ker(J'J (u s , v s )) it 
follows that 99 = 0, and (|4,4|) is proved. 

Now we end the proof of statement 2. Assume by contradiction that there exits 
a sequence ip n £ A s such that ||y n ||s = 1 and 

(4.6) J" (u s ,u s )[(p n , (p n ] ->• as n ->• 00. 

Let (p be the weak limit of ip n in H S (M. N ). Then, by Lemma 13. 11 we have that 

< J'J(u s ,v 8 )[tp,tp] < ]ha'mij"(u a ,i/ s )[tp n ,tpn] = 0. 

We deduce from this and (|4.4p that </? = 0, that is 



(4.7) 



ip n converges to weakly in H 



Now, since uf 1 € Lp- 1 (M^), given e > there exists w £ G C^°(M JV ) such that 



p+i 



(4.8) 



|uf 1 — u; e || p+i 
Lp=T 



< e. 



Now we use (|4.7p and the compactness results in fractional Sobolev spaces (see, e.g. 
Theorem 7.1 in [8]): we obtain that <p n converges to in L 2 (R") and therefore 



(4.9) 



^ \\w F 



as n — > 00. Also, by Holder inequality 



^ iinr 1 



10, 



IIP- 1 

ell p+1 



+ 



< e p - 1 u- 1 + 



w e ipl. 



Supp«i £ 
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This, (US} and (jOJ) imply that 

/ <-V?, = o(l) a, „^oo. 

Hence, recalling Lemma 12. 11 we obtain 

J's(u s ,U s )[ip n ,ip n ] = \\<p n \\l -pv s / uf~Vn = 1 + 0(1). 

But this is in contradiction with (|4.6p and the proof of (j4.2|) is complete. 
Now we prove ()4.3p . Assume by contradiction that for every sq G (0, 1) 

inf inf K r (s,u s ) = 0. 
se(s ,i] u.eMs 

Then there exits a sequence s n /* 1 and radial minimizers ii Sn for z^ Sn such that 

(4.10) K r (s n ,u Sn ) — >• as n — >• oo. 

Up to a subsequence, and recalling Corollary 12.51 we may assume that f Sn — > z/i 
and, by Lemma 12.61 that 

(4.11) \\ u s n — C/x [| a — > as n — > oo. 

For fixed n G N, by the Eckeland variational principle (see [TU]) together with the 
Riesz representation theorem, we obtain that there exist f n ^ m G A r s and a minimizing 
sequence ip n ,m G A r s for K r (s n ,u Sn ) such that 

H^n.mlL = 1, Vm G N 

and 

(4.12) JsK.^Jfe.m^] -^r(Sn,U Sn )(V'n,m,w) Sn = {f n ,m,v) Sn , Vt; G A^ , 

where ||/ n ,m||s n — ► as m — > oo. Then there exists a sequence of sub-indices m n 
such that ||/n,m n ||s„ as n — > oo. In particular, from ()4.12j) we have 

(4.13) Js(Us n ,V Sn )bl>n,m n ,v] ~ K r (Sn,U Sn )(l/jn,m n ,v) Sn = {fn,m n ,v) Sn . 

Let w G C c 00 (]R Ar )nA^. Then, from (l2~14l and gX[|) we have {w,u Sn ) Sn = o(l)||u>|| 2+ i 
and 

(i + iei 2s ")(^K^ = o(i)ii^ii 2+ 2 vj = i,...,N. 
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We define 

(w,u Sn ) Sn 

V n =W - -r^—U Sn . 

\\ U s„ \\s„ 

By construction v n € A r Sn . Using it as test function in (I4.13P and recalling that 
€ Ag n , we get 

( 4 - 14 ) J'L(. U Sn,Vs n )[i>n,m n , w\ -Kr(Sn,U Sn ){l/j n , mrl ,w) Sn = o(l). 

Since ||VVi,mnllsn = ^> may assume that up to a subsequence ipn,m n 
fl^R-^) for every fixed i € (0, 1). Passing to the limit in (|4.14|) and recalling (|4.1(jp . 
we get 

J'{ (Ui,^)^, w] = Vwe C™(R N ) n A{. 

Since, by Fatou's lemma, ip € -?/ 1 (M Ar ), the latter identity implies that tp = 0, 
because the case s = 1 is nondegenerate and ip € A£. 

That is, ip n ,m n 4> = in i?*(R ) for every fixed t G (0, 1) and so, by compact- 
ness, 

(4.15) Vn, m „ ^OinL 2 ^). 

Also, by (|4.12p . we have 

^s'(^„,^„)[^,m„,'0n,m n ] - K r (s n , U S J \\lp n ,m n fs n = o(l) 

so that 

(4-16) 1 -p / «C 1 Cm„ = IIV'n.mJlL "P / <Vn,m n = «(!)• 

JR N JR N 

Recalling (|4.15p and the fact that Wl 00 ^) ^ s bounded by Lemma [2T2l we pass 

to the limit in (I4.16P and we get 1 — = 0, that is a contradiction. □ 

5 Uniqueness (construction of pseudo-minimizers and 
completion of the proof) 

5.1 Construction of pseudo-minimizers 

Pick u s a radially symmetric even minimizer for u s . Define the mapping 
(5.1) $ s : H? ad (R N ) H° rad (R N ) 
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by 

(5.2) $ a (u) = J , a (U 1 + u>,u s ). 

As customary, by (|5.2p . we mean: for all w G H*i d (R N ) 

(5.3) ($ s (w),u;} 5 = (C/i +o;,i/ s ) [w]. 



Lemma 5.1 For every / G H^ ad (M N ), there exists a unique w s G H^ ad (I 
that 

(5.4) (*' a (0)[tD'],«;>, = (/, W ). V«; € fT^OR^). 
In addition there exists a constant C\ > suc/i f/iai 

(5.5) IK^O^KCx V S G( So ,l). 
Proof. We observe that 

($' s (o)M,^) s = (^(^i,^)K,H)- 

Hence solving the equation 

{& s (0)[w],w) s = (f,w)„ Vw G H^ ad (R N ) 
is equivalent to find a solution ?D to the equation 

(5.6) J" (t/"i,^ s ) [w,w] = (f,w) s , 

for any w G H^ ad (R. N ). To this scope, we observe that, for every w G -£^ ad 



such 



\(j"(Ux,v 8 ) - J"(u s ,v s ))[w,w]\ = u s p 



[ i<- l -u[ 

Jr n 

_ up- 1 



'to 



(5.7) v s p\\u» s '-U{ \\w\ lLP+1(RN) . 

From Lemma 12.61 and Corollary 12.51 we know that \\u s — U\\\ s —> and v s — > v\ as 
s /*■ 1 . This implies that u s — > U\ in L P+1 (M. N ) and thus we have 

p+i 



-»• Ul' 1 in i 



p-1 I 
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Therefore, from (|5.7p . 

(5.8) \(J"(Ui,v s ) - J"(u s ,v s ))[w,w}\ = (l)\\w\\ 2 LP+1{RN) . 

This together with (|4.3[) and (|4,1|) in Lemma 14.11 implies that there exist C, sq > 
such that for all s G (so, 1) 

(5.9) ^'(t^MMI > C||i;||2 to G H^ ad (M. N ). 

Hence, by the Lax-Milgram theorem, there exits a unique tD s G ffjL.(R ) such that 

j;'(^,^)K] = / 

and by (pT9l) 



IKI| s ^c||/|| s , 

which gives the desired result. □ 

Proposition 5.2 For r > and s > ; we set 

B T)S = [u: G H* ad (R N ) : < rmax{l - a, |^ - i/ 8 |}}. 

T/ien i/iere exist so G (0,1), ro > suc/i i/iai /or any s G (so,l), there exists a 
unique function lu s G t3 ro ,s such that 

<*>> s ) = 0. 

Proof. We transform the equation <3? s (w) = to a fixed point equation: 

(5.10) co = -K(O))- 1 {$ s (0) + Q s (lo)} , 

where 

Q s (u) := $ s (a/)-$ s (0)-$' s (0)[u;]. 

Notice that the definition above is well-posed thanks to (|5.5p . We observe that 
if co G H* ad (R N ) then the mapping co ^ (^(O))" 1 {$ s (0) + Q s (w)} is radial too, 
since U\ is radial. 
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For very oj G H^ ad (U. ), we set 

J\f s (oj)[u>] := J' s {Ui + u,v s )[l>] - Jg(C7i 3 i/ a )[o)] - J" (Ui,v s )[u),u>] 

= v s I — / | ?y i + w| p u)cfcc + / Ufuidx + / C/f ~ 1 lulucIx ) . 

Notice that 

(5.11) Q s {u)=Af s (uj). 
Also, referring to page 128 in [I], we obtain 

^H[o)]|<C(||a;||2+|H|?)||a;||. 

and 

- JV.MH < C(|M|. + IKHr 1 + ||W2||. + [|^ 2 Hf -1 ) - ^ 2 |U- 
This, together with (j5.11j) . implies that for every ||wi|| s , ||&>2||s < lj 
(5-12) ||Q s (a; 1 )HC3||a; 1 ||f n(2 ' p) 
and 

(5.13) ||Q s ^i)-g s ( W i)|KC 3 || W i-^ 2 ||f n ^), 

where C3 is independent on s G (so, 1). 

Now we claim that there exists a constant C 2 > independent on s € (so, 1) 
such that 

(5.14) ||*-(0)|| ^C 2 max{l-8,\vi-u a \). 
By (|2.14p we conclude that 

\J' s (Ui,v s )[v] - J((C/i,z/i)[u]| < (1 - s)Q j 2v[|t/'l||2-s+<5|b[|s + l^i - *<s|HI«- 

Since, from ([O]) . J((Z7i, = 0, we get (157H1) . 

Now we finish the proof of Proposition ^, 21 We shall solve the fixed point equation 
(|5,10p in a ball of the form 

B r , s = {u G H? ad (R N ) : \\ u \\ a ^ ra s }, 
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where a s = max{l — s, \ui — v s \} and r > will be fixed in a minute. Indeed for 
u) € B r , s , we exploit (I5.5p . (15. 141) and fj5. 12f) to deduce that 

IK^(O))- 1 {$ s (0) + Q s (lo)} \\ s < C x (C 2 a s + C 3 r min(2 ' p) af n(2 ' p) ) . 

There exists ro > large and so £ (0, 1) (possibly depending on ro) such that for 
any s € (so, 1) we have 

r « S0 > Ci (C 2 a s0 + C 3 r min(2 ' p) a- n ^)) 

> C! (C 2 a s + C 3 r™ m(2 ' P) a™ ni2 ' p) ) , 

since a s is small as s / 1. It follows that for every s G (so> 1)> the mapping 

a;^-(1> , s (0))- 1 {^(0) + Q s (a;)} 

maps B ro ,s i^o itself. Increasing so if necessary, this map is a contraction on B ro>So 
by (|5.13p . Hence by the Banach fixed point theorem, for every s E (so,l), there 
exists a unique function uj s G -Br ,so solving the fixed point equation f|5. 10|) . □ 

The set of pseudo-minimizers is given by {U\ +oj s : <& s (u s ) = 0, s E (sq, 1)}. We 
now prove uniqueness, up to translations, of the minimizers for v s when s is close to 
1 by showing that minimizers belong to such a set. 

5.2 Completion of the proof of Theorem 11.21 

Let ul and it 2 be two minimizers for v s . We know that they are symmetric under 
rotation, so we may and do assume that they are both symmetric with respect to 
the origin of R^. Our aim is to show that ul = v? s provided s is close to 1 (no 
confusion should arise between the superscripts 1 and 2 and some exponents that 
shall occur in the course of the proof). 

By Lemma [2.61 we know that u\ = U\+uj\ with \\uj\ \\ s — > as s / 1, for i = 1, 2 
and u/ is symmetric with respect to the origin for i = 1, 2. Then we have & s (ul) = 
for s close to 1 and thus by uniqueness (Proposition 15. 2p we conclude that u^l = w 2 . 
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